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ABSTRACT. In this paper we study the asymptotic distribution of the moments of (non- 
normalized) traces Tr(toi), Tr(t«2)i ■ ■ • ; Tr(uv), where wi, 1112, ■ ■ ■ , w r are reduced 
words in unitaries in the group U(N). We prove that as N — * 00 these variables are 
distributed as normal gaussian variables \fj\Z\ , . . . , V Z r , where ji , . . . , j r are the 
number of cyclic rotations of the words wi, . . . ,w s leaving them invariant. This extends 
a previous result by Diaconis (El), where this it was proved, that Tr(U), Tr(C 2 ), . . . , 
Tr(£/ P ) are asymptotically distributed as Z\, y/2Z2, • ■ • , y/pZ p . 

We establish a combinatorial formula for J | Tr(u>i)| 2 • • • | Tr(u> p )| 2 . In our com- 
putation we reprove some results from Q. 



1. Introduction 

Connes's embedding conjecture (|3|) for the case of discrete groups states that every 
discrete group V can be asymptotically embedded in the algebra of N by N matrices, 
when N tends to infinity. As observed in [ 10 1 (see also |7 1 and 1 5 1) it amounts to prove that 
for every finite subset F of T, for every e > 0, there exist N and unitaries {aj | / G F} 
inU{N) such that \\a fl a h - a flh || H s < er||Id.]|ns and/i/ 2 G Fforall/1,/2 inF. Here 
by || • ||hs we denote the Hilbert-Schmidt norm 

\\A\\us = Tr(A*A) 1 / 2 , AeM N (C), 

Tr being the (non-normalized) trace on Mjy(C). If T is a group with presentation (Foo | 
R), where R are the relators, it can be proved (see [10|) that the Connes's embedding 
conjecture is equivalent to show that for any e > 0, Wi , W2 , ■ ■ ■ , w s G R, and for any 
wo ^ R, assuming that Wq, Wi , . . . , w s are the words on the letters a\ , . . . , hm, there exist 
N and unitaries Ui, U2, . ■ ■ , Up in U (N) such that if Wo, . . . , W s are the corresponding 
words obtained by substituting a\, . . . , «m with Ux, . . . , U p we have (with Tr = ± Tr) 

(1) |tr(Wo)|<£, |tr(Wi)|>l-e, | tr(W a )| > 1 - e. 

Consequently, a natural object to study is the following: Let Fm be the free group 
with M generators 01, 03, . . . , oa/. Let iuq, ^i, • • • , w s be the reduced words in Fm 
and let /„,„, . . . , f Ws be the functions on (U(N)) M obtained by evaluating the traces 
Tr(Wo), . . • , Tr(W s ) of the words W ,...,W S at an M-uple {U x , . . . , U M ). Then one 
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has to determine the joint moments of these functions, i.e. the quantities (for all ao , 
inN) 



/ 

J(u 



\f W0 \ a ^--\U.\ as dUi---dU M , 

l(U(N)) M 

with respect to the Haar measure. 

In particular, after normalizing with the factor A, if one determines the measure for 
these moments, then one could solve the inequality Q. 

2. Computation of f u{N) u ilh ■ ■ ■ u ipjp u* riS1 • • • < p8p <^U 

The following computation was first performed by D. Weingarten, F. Xu, and B. Collins. 
At the time of writting the paper we were not aware of the previous literature, so we in- 
clude our own proof for this computation. 

Let S n be the group of ?i-permutations and let C[S n ] be the group algebra. As in 
l2l . we denote by the coefficient of a £ S n in the inverse of the element $> N = 
N* a a £ C[S n ] (jjcr is the number of cycles in er; the element & N is invertible as it 

will be proven bellow for N > n). Thus we take 

= E w ? ■ °- 

Note that § N is a central element and hence so is Yl W„ ■ a. With these notations we 
have: 

Theorem 2.1. For N, n in N, N > n and dU the Haar measure on IA (N), let i\, . . . ,i n , 
jx, . . . , j n , n, . . . ,j n , s±, . . . , s n be indices from 1 to N. Denote the entries of a unitary 
by Uij and the entries of its adjoint by u*j = tty. Then 

/ u nri ■ ■ ■ u in r n u* lh ■ ■ ■ u* njn dU = V W^ 6 -i 

JU{N) 

with the sum in the right hand side running over all a, 9 in S n such that j a — i CT ( a ), 
a = 1, 2, . . . , n and s& = Tgn,), B = 1, 2, . . . , n. 

Proof Let L?(M N (C) n , fi^) be the Hilbert space obtained by endowing M N (C) n with 
the measure Ce~ Tl ( A i Al *> Tr «^»), (Ax, ...,A n ) £ M N (C) n , where C is a con- 
stant, so that the entries functions (Ax, A2, . . . ,A n ) 1— > a-^ • • • aj"j n , have norm 1. Here 

afj are the ij-entries of the matrix A® on the t-th component of the product (Mjv(C))". 
Denote, for a in S n , by Xa the function 



(?) X* 



N 

E(l) (2) (n) 

21 , . . .,i n — 1 



Then, from the theory of symmetric functions (|6), |9j), the functions Xa generate 
the subspace functions on (Mjv(C))™ that are invariant to the diagonal action of U(n) 
on (Mjv(C))™: (Ax,..., An) i-> (U AxlJ* , . . . ,U AJJ*), U £ U(N). Moreover, for 
n < N the functions {x a \ a £ S n } are independent (|9|) and the scalar product (x a , Xu) 
depends only on a _1 fi and it is equal to W . 
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Consequently, (x<j, X^u^es^ represents the matrix of the convolution with $jv on 
L 2 (S n ). Consequently, the inverse of (which exists since the functions are indepen- 
dent) is the matrix (W a -i u)cr,fi&S n - Let P be the projection from L 2 ((Mjv(C))™), fi) 
onto the space of U(N) invariant functions. Then on one hand, since \i is an invariant 
measure, it follows that P is the average over U(N) by integration. Hence 

(2) P(a^ n ■ ■ ■ aQj = [ {uaWu*) lin ■ ■ ■ {ua^u*) injn dU. 

JU(N) 

On the other hand, assume P(a^ i ■ ■ ■ a^]- n ) = c oXn where c CT depends on i\, . . . , i n 

it£S„ 

ji, . . . , j„. Then, for all [i G S n , 

I (l) («) _ \—n 

\ »1 ,31 ' ' ' a injn / t C<T Xo-l Xt* I U ! 

(T 

and hence 

(3) (alii ' ' ' a W« ' *m> = E Ca ' > v f £ 

But (o^j-j • • • a i"]* n j * s trie vec tor (indexed) by /i € £„) with the property that the 
/i-th component is equal to 1 if and only if j a = W a )> a = 1, 2, . . . , n. 

Let R a ,fi be the inverse of the matrix ((a, ju))<7,^eS„ ■ We have noted before that -Ro-./j = 
inversion, we deduce that c a = i? CTiAt , where the sum runs over 
all fi such that j a = « M ( ), a = 1, 2, ... n. Thus 

(4) P(t4i]i ' ' ,a i?,L) = E R ^Xa, S' = {/i € | ja = i„( a ) , a = 1,2,.. .,n}. 

<?£S n 

ties' 

From 10 we obtain that 

P ( a Si ■ ■ ■ a £l ) = E / u ^i ■ ■ ■ V.aSL • • • a&XxA ' ' ' <;„ dU 
n,...,r n =i ■'"C) 

Si ,. . .,S n — 1 

= E a ri ] Sl ' ' ' 4™l„ / "im •••«i„r„Ug I j I ■ • • U*„ jn dU. 

r 1 ,...,r„=l Ju ( N ) 
s\ ,. . .,s n — 1 

Identifying the coefficients from the last formula with @ we obtain our statement. □ 

3. Formula for jj u{N)2 Tt(Wi)---TV(W s )dJ7dV 

In this section we deduce a formula for the integral of traces of words only in case of 
U (N) 2 (instead of U (N) AI ) for simplicity. A similar formula was derived in 1 1 1. Since 
the shape of the combinatorial aspect of the formula is important for the computation of 
the asymptotics, we derive our formula directly from the preceding section. 

Let Wi, W2, ■ ■ ■ , w n be reduced words in F2 — (a, b), and let W\, W2, ■ ■ ■ , W n be the 
corresponding words viewed as functions in the variables (U, V) € U(N) 2 obtained by 
substituting (U, V) for (a, b). We describe Tr(wi) • • • Tr(w n ) in terms of a permutation 
7 and write Tr(ioi) • • • Tr(w n ) = Tr 7 (wi • • • w n ), where 7 is described as follows. 
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Let n be the total number of occurrences of the symbol u in W\, W%, . . . , W n . Let m 
be the total number of occurrences of v. For the integral JJ U ^ N ^ Tr(Wi) • • • Tr(W p ) dU dV 
to be non-zero it is necessary (| 8 1) that n equals the number of U* and that m equals the 
numbers of V*. We introduce a set of symbols (indexedby the letters u, v, u* , v* respec- 
tively) 

X { l u , . . . , Ti u , \ u * , . . . , TL U * j l^j , ... , Tfl v 3 \ v * , . . . , Tl v * } . 

Thus X is a set with 2(n + m) elements. 

Definition 3.1. Given wi, . . . , W p and X as above we define a permutation 7 of X by 
means of the formula 

Tr 7 (wi • • • w p ) = Tr(ioi) ■ ■ ■ Tr(u; p ) 

JV 

' ' ' a ™u a -y(n u )"l u *7(l u *) ' ' ' U n u *-y(n u *) 

a\ u ,. . .,a n . u —1 
ai ^ ,...,a n „, —1 

ai^ , . ..,a mv —1 
ai^* t ...,a m * —1 

We denote the term on right hand side by 3> 7 (f7, V), where U,V G U(N). 

Note that since the words are reduced 7 has no fixed points. 
With these notations we have: 

Theorem 3.2. The integral ofTi(wi) ■ ■ ■ Tr(w p ) over U(N) 2 is 

Tr J (U,V)dUdV = Yl W^ oe - 1 W N a v o9- x N m ^' (T —' e '', 

^ 2 <r«,e«es(i«,...,fi„) 

o-„,e„eS(l„,. ..,«„) 

where i?(7, cr„, 9 Ul a v , 9 V ) is the equivalence relation on X generated by 

*u» =7(<7u (*«)), 7(*«*) = 0«(*u), t=l,2,...,n, 
St,. = 7(<7r>W)> 7( s «*) = s = l,2,...,m. 

Here j}-R(7, cr„, c,,, #„) W f/ze number of classes in the equivalence relation. 

Proof. Indeed, we have that 

Tr 7 (J7,y) dUdV 

U(N) 2 



ai * ,...,a n _ —1 

'( / ^i.MW ' "" a "» a 7(»») ,, «i„«'' 1 (i„,) ' " V,,,^!^,) ^ 

V ai„,...,a„„=l •'"W > 
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We now apply the formula from the preceding section, interchange the summation for- 
mula with the summation after <j u ,8 u ,a v , 9 V , where a u , 9 U are the permutations that ap- 
pear in the integrals for the it's and <j v , 8 V are the permutations that appear in the summa- 
tions for the 6>'s. □ 

Remark 3.3. Since the words are allays reduced, the equivalence relation 

R(j, <r u , 9 U , &v, @v) has no singleton classes and hence (t-R(7, c«, U , a v , 8 V ) ^ n + m. 

4. The asymptotics for 



//(Tr(V^i)) Ql (Tr(iyi))^ • • • (Tr(W p )) a " (Tr(W P ))' 3 » dU dV 

In this section we show that for all words wt, . ■ ■ , w p in F2 by taking W\ , . . . , W p to 
be the corresponding functions on U(N) 2 we have that 

{Tr{Wi)) ai {TriWxjf 1 ■ ■ ■ {Tr(W p )) a " (Tt(W p )) p *> dU dV 

U{N) 

is 0(-^) unless ct\ — /3i,...,a p = j3 p in which case the integral is ail ■ ■ ■ a p l 

'U( w i)) ai ' ' ' C/( w p)) aP ' where ji = j(wi) is the numbers of cyclic rotations of the 
word Wi which leave Wi it invariant. As in J4 | this means that the asymptotic distribution 
of the variables Tr(Wi), . . . , Tr(W p ) as M — > 00 is that of , . . . , yJ~Jj)Z p , where 

Z\, . . . , Zp are independent gaussian variables. 

Theorem 4.1. Let Wi, . . . , w p be the words on F2 and W\ , . . . , W p be the corresponding 
functions on U (N) 2 . An integral of the form 



(Tr(T^i)) Ql (Tr(T^i)) /31 • • • (Tr (W p )) a - {Tr {W P )f" dU dV 
is non-zero (modulo 0(-^)j if and only if it can be written in the form 

iTr^)! 2 " 1 ■ ■ ■ \Tr(W p )\ 2a " dU dV 



IU(N) 2 

in which case it is equal to ct\\ ■ ■ ■ ctplj^ 1 ■ ■ -j p p , with ji ~ j(wi) the number of cyclic 
rotations of the word Wi, that are leaving Wi invariant. 

Consequently, Tr(Wi), . . . , Tr(M^ s ) have the asymptotic moment distribution 
(as N — * 00) of \fJ\Zi 1 . . . , \Jj~ s Z s , where Z%, . . . ,Z S are independent normal gaussian 
variables. 

Proof. We rewrite the formula from the preceding section as follows. 

Tr(Wi)---Tr(W p )dUdV 



U(N) 2 



(1) (ni) (n p -i + l) 

a 0i(i2 ' ' ' a /3 ni /3i ' ' ' a /3„ p _ 1 + i/3„ p _ 1+ 2 



(5) = £ 

/3i-/3 ni /3„ 1+ i-/3» s = 

■■■^ n j ( n;] 1+1 dudv 

where the symbols ■ ■ ■ a'™ s ^ belong to the set {U, V, U* , V*}. Here rii — n^-i is the 
lenght of the word Wi,i — 1,2, ... ,s. 
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Denote by U the set of all symbols a^ 1 ' that are equal to the letter u, and similarly for 
U*, V, V*. Because of |8|, unless cardt/ = cardC/* = n, card V — card V* — m, the 
integral is 0(-^). 

According to the formula in the preceding paragraph the integral will be the summation 
over all bijection a u :U-^U*, 6 U : U* U, a v : V -> V*, 6 V : V* -> V, of 

(6) E w *u<*; 1 ■ W^-.N^^M 

where R(a u , 8 U , <j Vl 9 V ) is the equivalence relation generated by 

<j u (i) + l~i, u (i)~i + l, o-„(i) + l~i, + l 

where by the operation i + 1, we mean successively (when i = 7ij.,7i2> • • • ) "s) 
Tlx +1 = 1, ri2 + 1 = n\ + 1, n s + 1 = n s _i + 1 

(coresponding to the cycle (1, . . . , «i)(^i + 1, . . . , ri2)(n s -i + 1, . . . , n s j). 

The equivalence relation has no singletons and hence jV' J^^ (' T "' 9 "' <Tl " ^ ' l, ) is at most 
JV"" 1 "™, while the term W a o6 ~i ■ W a oe -i is of the order N k , where k ^ n + m, with 
equality if and only if <j u — O^ 1 , <j v — Q^ 1 . 

This means that the only non zero terms will come from equivalence relations of the 
form 

a u (i) + l~i, o-~ 1 (i)~i+l, <7„(i) + l~£, (T~ 1 (i)~i + 1. 

To obtain the number of terms m the sum (6) in this case we need to determine the per- 
mutations a u , a v for which this equivalence relation has all the classes of two elements. 

Denote by 7 the permutation with the property that j\U = a u , j\U* = u~ 1 , j\V — 
Cw. "f\V* — Vy 1 - Then 7 is an involution and the equivalence relation is described as 

+ 1 ~ i, 7(4) ~ i + 1. 

But i ~ 7(2) + 1 and £ = (i — 1) + 1 ~ 7(1 — 1) and hence 7(1 — 1) = 7(1) + 1 for all 
i (since the equivalence relations have only singletons). This means that if i runs over the 
elements in a word w\, then must run in the opposite direction over the elements of 
the conjugate word . 

In consequence, the integral in the statement is non zero (modulo 0(-^)) only if it is of 
the form ff U ( N ) | Tr(Wi)| 2Ql • • • | Tr(Wp)| 2Qp dudv and in this case the integral is equal 
to the number of possible pairing between a word and cyclic rotation of its inverse. This 
completes the proof. □ 

5. A COMBINATORIAL FORMULA FOR ff u , N y I Tr(H^i)| 2 • • • | Tr(W p ) | 2 dU dV 

In this section we establish a formula that is specifically adapted for integrals of prod- 
ucts of absolute values of traces. Indeed a positive answer for the Connes's embedding 
conjecture would require the joint distribution of the variables | Tr(Wi)| ■ * * | Tr(Wp)| as 
functions on U(N). 

Thus let wx, . . . , w p be reduced words in F2, and let X be the total set of symbols 
of U, U*,V, V* in I Tr(wi)| 2 • • • | Tr(w;p)| 2 , where each element in X corresponds to a 
specific occurence of the corresponding sysmbol in | Tr(u;i)| 2 • • • | Ti(w p )\ 2 . 
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Assume there are n occurences for the symbol U, m occurences for the symbol V, and 
hence that the set X has 2(n + m) elements. As in the preceding section X is partitioned 

as UUU*UVUV*, where U, U* , V, V* are the set of symbols of u, u*, v, v* respectively 
in X. 

Let IP be the map which associates to each symbol a in X, which comes from a word 
w\ its corresponding symbol a* in w^ 1 and viceversa for a symbol a in w^ 1 it associates 
the corresponding symbol a* in w\. Then ^ is an involution, ^> maps U onto U* and 
V onto V*. Let I be the map associating to each symbol a the successor of *(a) in the 
inverse word. 

Let Sjy (and respectively Sg, , S y , S v „) be the set of permutations of the sets U 

(respectively U*,V,V*). For each <r u e S^, 9 U e S^,, a v e S v , V £ S yt let 
(a u , 9 U , a v ,8 v ) be the concatanation of these permutations to a permutation of X. 
With the above notations we have: 

Proposition 5.1. Let w\, . . . ,w p be words in F 2 and let W\, . . . , W p be the correspond- 
ing words as functions on U (N) 2 . 
Let R be the following element in 

C(S D ) ® C(%. ) ® C(Sy) ® C(%, ) : 

i2= J2 N i V°^' e ^< 6 ^a u ®6 u ®a v ®6 v . 

<r u es o ,0 u es o , 
a v eSy,e v eSy, 

Note that R depends only of the cardinalities of the sets I{U) fl U*, I(U) fl V", /(f) n 

v*,...,i(v*)nv. 

Let $ foe the linear map from C(Sjj) ® C(5jj*) ® C(S'y) ® C(Sy-,) into C which 

' N W N 
<Ti*- 1 ei* K ^o-2*- 1 e 2 * - 



associates to <7i ® #i ® (T2 ® 6*2 f/ze number W^^-ia ^,W^ ^-la Then 



II 

J Ju 



I Tr(VKi)| 2 • • • I Tr(Wp)| 2 dtfdV = 

W(N) 2 

Proof. Introduce an indexing of the elements in X so that the symbol corresponding to a 
term up i p i+1 in a word Wi to correspond to a up—p* for a word in wj~ . Here we use the 

convention that the elements in Wi have indexing after fo, Then compating the 

integral 

// \Tr(W 1 )\ 2 ---\Tr(W p )\ 2 dUdV 

J JU(N) 2 

will amount to compute integrals of the form 



U Ps f3 3 + 1 ■ ■ ■ Ufcp— ■ ■ ■ Uofc ■ ■ ■ Up r lPi 
U{N) 



AU. 



Thus here 



U = {..., s,...,r}, U* = {..., * + l,...,r-l,.. .}. 



Then the map * will map s, r onto s + 1, 1 — 1 respectively and I will map s, r into s, f 
respectively. 

We use the formula from Section 2 and we have the sum over permutations a u of the 
symbols {. . . , s, . . . , r}, and permutations 9 U of the symbols {. . . , s + 1, . . . , r — 1, . . .}. 
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Hence the corresponding equivalence relation corresponding to these permutations (and 
the similar permutations for 6 will be exactly 

s~ct„(s), r~(T„(r) and s + 1 ~ 6 u (s + 1), r-l~0 u (f-l), 

which is exactly the equivalence relation corresponding to I o (<r u ,8 u , a v ,9 v ). This com- 
pletes the proof. □ 



6. An example for the computation of 

IIu(N) I Tt{U p W^U p W £ ^ ■ ■ ■ U<V £ ^)\ 2 • • • | Tr{U p W £ i . . . U<V<)\ 2 dU dV 

We apply the algorithm in the preceding section for the calculation of a product of 
words in which between powers of u of degree at least 3 are intercolated powers of v of 
degree ±1. We will describe the structure of the element R in such a case since ^> is easy 
to be descried in this situation. 

Proposition 6.1. For the integral, \p s a \ > 3, e s a = ±1, 
/ / \Tr(U p W £l U pl iV £ * ■■■U pl °iV<)\ 2 ■■■\Tr(U p W £ i ■ ■ -U<V<)\ 2 dU dV 

J Ju(N) 

the element R is described as follows: 

Let n be the total number ofu's and m the total number ofv's. 

The structure of the element R, viewed as an element ofC(S n ) ® C(S n ) <g> C(S m ) <g> 
C(5 m ) is described as follows: 

Since > 1 we have that n > m. Then we have a set 

X = {l x ,2 x ,...,(n- m) x } U {l y , 2„, . . . , m y } = Xq U Y 

and the first factor S n is identified with S(x) (permutations of X), while the second S n is 
identified with S(X) where 

X = {T X1 2 X , . . . , (n - m) x } U {T yi 2„, . . . ,mj = X U Y. 

We consider also two sets A = {l a , . . . ,m a } and A = {l a , . . . ,m a }. Then the first 
factor S rn is identified with S(A), while the second with S(A). 

The map I acts on Xq U Xq by mapping i x into i x and i x into i x , while on the set 
Y U Y, I maps i y into i a and i y into i a (or i y into i a and i y into i a ). I is an involution. 
Then 

R= J2 N^ Io ^'°- e ^a®a®e®e. 

cr,WeS(X),S(X), 

e,eeS(A),s(A) 

Proof. This follows by identifying the sets U, U* from the preceding proposition with 
the sets X, X, while V, V* are identified with Y, Y. □ 

Remark 6.2. The map * can be explicitely describe as a map from X onto X, in terms 
of the alternating signs in p\ , s\ , . . . , p\ , e\, while on the set Y it simply maps i a into i a . 
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